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Szilárd Szabó
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Ẽ6 moduli spaces

X = CP1

G = SL3(C)
D = {0}+ {1}+ {∞}
α1
P = −1

3 , α
2
P = 0, α3

P = 1
3 ,

c1P = −1
2 −

√
3
2 i , c2P = 1, c3P = −1

2 +
√
3
2 i

MDol(α): moduli space of rank 3 strongly parabolic
α-stable Higgs bundles

MB(c) character variety of representations of
π1(CP1 \ D, 1/2) in G having the specified eigenvalues
around P, up to overall conjugation

The moduli spaces are of dimension 2 over C.
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Main result

Theorem (Eper–Sz., arXiv:2407.20638)

The Geometric P=W conjecture holds for rank 3 tame
harmonic bundles over the three-punctured sphere: for R ≫ 0
there exists a diagram commuting up to homotopy

MDol(α) \ H−1(BR(0))

H
��

ψ //MB(c) \ ψ(h−1(BR(0)))

S
��

H \ BR(0) // |D∂MB |.

Here, ψ is non-abelian Hodge theory and the Riemann–Hilbert
correspondence, H is the Hitchin map and S is Simpson’s map.

Largely based on T. Mochizuki–Sz., to appear in Moduli (2024)
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Motivation, progress

Meant to give a geometric reason to the P = W
conjecture (by now, theorem).
Conjectured in general by L. Katzarkov, A. Noll, P. Pandit,
C. Simpson, 2015, and by C. Simpson, 2016.
Subsumes that |D∂MB | has the homotopy type of a
sphere S2N−1, where 2N is the complex dimension of
MDol.
The latter topological property was proved by A. Komyo,
2015 in rank 2, CP1 with 5 parabolic points, and more
generally by Simpson in rank 2, CP1 with any number of
parabolic points.
M. Mauri, E. Mazzon and M. Stevenson, 2018: proved the
complete conjecture in genus 1, G = GLn(C).
Sz., 2021 and Némethi–Sz., 2020 proved it in the Painlevé
cases, Sz., 2023 proved it in rank 2, CP1 with 5 parabolic
points.
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Hitchin’s equations

For any

Riemann surface X ,

smooth vector bundle E → X ,

partial (0, 1)-connection ∂E in E ,

endomorphism-valued 1-form θ : E → E ⊗ Ω1,0

we denote

by Fh the curvature form of the Chern connection ∇+
h

associated with ∂E and h,

and by θ†h the adjoint of the Higgs field with respect to h.

Hitchin’s equations:

∂Eθ = 0

Fh + [θ, θ†h ] = 0
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Decoupled equations

Decoupled Hitchin’s equations:

∂Eθ = 0

Fh = 0 = [θ, θ†h ]

Observation: solutions of the decoupled equations obviously
solve Hitchin’s equations.
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Ẽ6 parabolic Dolbeault moduli space

In the Ẽ6 case, for any P ∈ D we take a full quasi-parabolic
filtration

0 = l3P ⊂ l2P ⊂ l1P ⊂ l0P = E
∣∣
P
.

Strongly parabolic Higgs field: we require θ : l jP → l j+1
P for

any P ∈ D, 0 ≤ j ≤ 2

Weights αj
P as before ⇝ α-slope

α-stability condition ⇝MDol(α) Dolbeault moduli space.

C×-action by τ · (∂E , θ) = (∂E , τθ)
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Hitchin fibration

Hitchin map

H : MDol(α) → H0(CP1,K⊗3
CP1(2D)) ∼= C

(∂E , θ) 7→ det(θ),

equivariant for the C×-action with weight 3 on the base

Generator of Hitchin base: q1 =
dz⊗3

z2(z−1)2

Trivialization of L = KCP1(D) away from ∞: dz
z(z−1)

For any t ∈ C×, define the spectral curve as

Σt = {(z , ζ)|ζ3 + tz(z − 1) = 0} ⊂ TotL
pL−→ CP1

its branch locus is D̃ = p−1
L (D) ⊂ Σt
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Beauville–Narasimhan–Ramanan correspondence

∃! torsion-free rank 1 sheaf called spectral sheaf L on Σt

such that E = p∗L
Moreover, we have θ = ζ· where ζ is the canonical section
of p∗L(L)

In the Ẽ6 case, L is automatically a line bundle on Σt

because Σt is smooth

Riemann–Roch ⇒ degL = 3

Summing up, H−1(t) = Pic3(Σt)

Choice of base point ⇝ Pic3(Σt) ∼= Jac(Σt)
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Holonomy map

Jac(Σt) ∼= H0,1(Σt)/Λt , where Λt ⊂ H0,1(Σt) ∼= C is the
lattice H1(Σt ,Z) → H1(Σt ,C) → H0,1(Σt)

∀ degree 0 line bundle L on Σt is given by ∂ + µ for some
µ ∈ Ω0,1(Σt)

abelian Hodge correspondence: ∃ antiholomorphic
representative µ0 ∈ Ω0,1(Σt) of [µ] ∈ H0,1(Σt)⇝ flat
U(1)-connection form u = µ0 − µ0 ∈ Ω1(Σt ,

√
−1R)

∀X ∈ H1(Σt ,Z)⇝ holX (L) = e
∮
X u ∈ S1 holonomy of L

along X

∀ basis X ,Y ∈ H1(Σt ,Z)⇝ holonomy isomorphism
hol : Jac(Σt) → T 2 = S1 × S1, L 7→ (holX (L), holY (L))
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Fundamental group representations

MB(c) parametrizes

ρ : π1
(
CP1 \ {0, 1,∞}, 1/2

) ∼= ⟨a, b⟩ → GL(3,C)

satisfying the condtion:

the eigenvalues of ρ(a) = A, ρ(b) = B and ρ(ab) are
c1P , c

2
P , c

3
P .

Theorem

The character variety MB(c) is a cubic surface in C3. It
admits a compactification in CP3 by a curve C ⊂ CP2

∞ of
Kodaira type I1.

Proved using different methods by P. Etingof, A. Oblomkov, E.
Rains, 2007.
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Szilárd Szabó
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Trace coordinates

Lawton, 2007–2008:

X = tr(AB−1)

Y = tr(A−1B)

Z = tr(ABA−1B−1)

satisfy

X 3 + Y 3 − XYZ + (terms of degree ≤ 2) = 0.
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three Ẽ6 case
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Simpson’s map

S : MB \ ψ(h−1(BR(0))) → |D∂MB |

defined by

compactify MB ⊂ MB as the blow-up of its
projectivization at the nodal point of C

take a cover

MB \ ψ(h−1(BR(0))) = N∗
0 ∪ N∗

1 ∪ N∗
2

such that

1 N∗
i ∩N∗

j is non-empty and connected for every 0 ≤ i , j ≤ 2
2 N∗

0 ∩ N∗
1 ∩ N∗

2 = ∅.
let ϕi denote a partition of unity subordinate to this cover

define S(P) = (ϕ0(P), ϕ1(P), ϕ2(P))
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Limits over rays

Fix a Higgs bundle (E , θ1)
Real Hitchin equation for (∂E , τθ1):

Fhτ + |τ |2[θ1, θ
†hτ
1 ] = 0

Hitchin, Simpson: there exists a unique solution satisfying
det hτ = hdetE ≡ 1

We let |τ | → ∞ along rays in the Hitchin base

Goal: describe trace coordinates Xτ ,Yτ ,Zτ of the
associated local system
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Spectral sheaf

Endow L with a parabolic structure with divisor D̃: set the
weight to be −1 at all P̃ ∈ D̃

abelian Hodge theory ⇒ there exists a unique metric hL
1 adapted to the above parabolic structure
2 solving the (abelian) Hitchin’s equation, and
3 inducing the metric hdet E .
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Asymptotic decoupling

Theorem (T. Mochizuki, 2016, T. Mochizuki–Sz., 2024)

Fix a stable, generically semi-simple Higgs bundle (∂E , θ1) of 0
parabolic degree and let hτ be the Hermitian–Einstein metric of
(∂E , τθ1). Assume that the spectral sheaf L of E = (E , ∂E ) is
the direct image of a line bundle on the normalization of Σt .
Then, as |τ | → ∞, the sequence hτ converges to a decoupled
harmonic metric h∞ locally on CP1 \ D in the C∞ topology.

Note: the conditions of the theorem automatically hold in the
Ẽ6 case because Σt is smooth.
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Szilárd Szabó
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Identification of the limiting metric

Proposition

The metric h∞ on E is equal to the orthogonal pushforward
p∗hL of the metric hL. Namely,

1 for any local sections l1, l2 of L supported on different
sheets of Σt , we have

p∗hL((pL)∗l1, (pL)∗l2) = 0,

2 for any local section l of L supported on a single sheet of
Σt , we have

p∗hL((pL)∗l , (pL)∗l) = hL(l , l).
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Sheets and corresponding 1-forms

pick U ⊂ CP1 \ D simply connected open, evenly covered:

p−1
L (U) ∩ Σ̃t = V1 ⊔ V2 ⊔ V3

Use polar coordinates τ3 = t = Re
√
−1φ

let Q1,τ ,Q2,τ ,Q3,τ be the eigenvalues of τθ1, i.e. the
cubic roots of τ3q1, with graphs V1,V2,V2: for
ε = e2

√
−1π/3, they are given by

Q1,R,φ = τ
dz

z2/3(z − 1)2/3
= R1/3e

√
−1φ/3 dz

z2/3(z − 1)2/3

Q2,R,φ = εQ1,R,φ Q3,R,φ = ε2Q1,R,φ
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Szilárd Szabó
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Frames and connection 1-forms

let li be a hL-unitary trivialization of L
∣∣
Vi

let µi = µ
∣∣
Vi
, antiholomorphic connection 1-form of L

connection 1-form of the associated flat U(1)-connection
∇+

hL
:

ui = µi − µi ∈ Ω1(Vi ,
√
−1R).

define fi = (pL)∗li

smooth h∞-unitary trivialization of E
∣∣
U
: (f1, f2, f3)

connection 1-form of the flat U(1)×3-connection on E
∣∣
U
,

associated with h∞: u1 0 0
0 u2 0
0 0 u3


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Approximate integrable connection

Let us define

∇appr
τ = ∇+

h∞
+ τθ1 + (τθ1)

†h∞

= d+

(
u1+2Re(τQ1) 0 0

0 u2+2Re(ετQ1) 0

0 0 u3+2Re(ε2τQ1)

)

Proposition (T. Mochizuki, 2016)

There exists C2 > 0, ϵ2,R1 > 0 depending only on U such that
for all |τ | > R1

∥∇τ −∇appr
τ ∥C0(U,h∞) ≤ C2e

−ϵ2|τ |.
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Pull-back by the ramified cover

For P ∈ D consider B2δ(P) with 0 < δ ≪ 1

Let φ3 : B̃2δ(P) → B2δ(P) defined by ζ3 = z(z − 1)

we have φ∗
3(E , τθ1) ∼=

⊕3
j=1(Ej , τϕj) with holomorphic

line bundles Ej and meromorphic 1-forms ϕj



Asymptotic
geometry of
non-abelian
Hodge theory
and Riemann–

Hilbert
correspon-
dence, rank
three Ẽ6 case
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Canonical decomposable filtration

Let P∗ be an R-filtration on E by locally free subsheaves

P∗ is said to be decomposable if for any α ∈ R we have

φ∗
3PαE =

3⊕
j=1

(φ∗
3PαE) ∩ Ej

Theorem (T. Mochizuki–Sz., 2024)

1 There exists a unique decomposable filtration P⋆
∗ inducing

P∗ det (E).
2 The limiting metric h∞ is the unique decoupled harmonic

metric on CP1 \ D such that Ph∞
∗ = P⋆

∗ and
det h∞ = hdet E .
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Szilárd Szabó
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Idea of the construction

Idea of the construction of the canonical decomposable
filtration:

put a filtration on E1
use the Gal(φ3)-action to induce filtrations on all other
components Ej
shift the obtained filtration by an appropriate weight to
get the right determinant.
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Consequences for the Higgs bundle

Lemma

In the Ẽ6 case, the canonical decomposable filtration P⋆
∗E is

the trivial filtration

P⋆
aE = z−[a] · E .

Proposition

There exists a unitary frame of φ∗
3E such that

the Higgs field is diagonal with respect to it, with
controled eigenvalues;

a generator of Gal(φ3) acts on it by a cyclic permutation
(123).
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A topological reformulation of the Geometric P=W
conjecture

Let σ be any smooth section of H.

Proposition (Némethi–Sz.)

Assume that dimRMDol(α) = 4. Assume that S ◦ ψ ◦ σ
induces an isomorphism

Z ∼= π1(S
1
R) → π1(|D∂MB |) ∼= Z

for R ≫ 1. Then the main theorem holds, i.e. its diagram is
commutative up to homotopy.

From now on, we study this induced homomorphism on π1.
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Szilárd Szabó
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Analyticity of the trace coordinates

Proposition

When σ = the Hitchin section, the coordinates XR,φ,YR,φ,ZR,φ

of ψ ◦ σ(Re
√
−1φ) depend R-analytically with R, φ.

Proof.

σ is C-algebraic, NAH is R-analytic, RH is C-analytic, X ,Y ,Z
are C-analytic.
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Periods of abelian integrals

Recall: z0 =
1
2 , and ε = cubic root of unity. Introduce

π0 = 2(ε− 1)

∫ z0

0

dz

z2/3(z − 1)2/3

π1 = 2(ε− 1)

∫ z0

1

dz

z2/3(z − 1)2/3

Figure:
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Critical angles

An angle φ = 3arg(τ) is said to be non-critical if for any j ̸= j ′

and z ∈ (0, 1)
ReQj ,τ (z) ̸= ReQj ′,τ (z).

Proposition

In the Ẽ6 case, the set of critical angles is Zπ.

Theorem (T. Mochizuki, 2016)

Let φ be a non-critical angle. Then, with respect to suitable
unitary frames, the holonomy of ∇t along [δ, 1− δ] can be well
approximated by the diagonal matrix with eigenvalues

exp

(
−
∫ 1−δ

δ
ReQj ,τ

)
.
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Approximation of trace coordinates

We write f (R) ≈ g(R) if

lim
R→∞

fg−1 = 1

and f (R) ≪ g(R) to express

lim
R→∞

fg−1 = 0.

Proposition

Let φ /∈ Zπ. Then, we have the following approximations for
the three trace coordinates.
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Approximation of XR,φ

XR,φ ≈

exp

(
R1/3 Re(e iφ/3(π0 − π1)) +

∫
η0−η1

u3 − u1 +

∫
γ0−γ1

u3

)
+

+ exp

(
R1/3 Re(e iφ/3ε(π0 − π1)) +

∫
η0−η1

u1 − u2 +

∫
γ0−γ1

u1

)
+

+ exp

(
R1/3 Re(e iφ/3ε2(π0 − π1)) +

∫
η0−η1

u2 − u3 +

∫
γ0−γ1

u2

)
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Statement of
main result

Dolbeault side

Betti side

Large scale
non-abelian
Hodge

Away from branch
points

Near branch points

WKB analysis
of RH

Approximation of YR,φ

YR,φ ≈

exp

(
R1/3 Re(e iφ/3(π1 − π0))−

∫
η0−η1

u3 − u1 −
∫
γ0−γ1

u3

)
+

+ exp

(
R1/3 Re(e iφ/3ε(π1 − π0))−

∫
η0−η1

u1 − u2 −
∫
γ0−γ1

u1

)
+

+ exp

(
R1/3 Re(e iφ/3ε2(π1 − π0))−

∫
η0−η1

u2 − u3 −
∫
γ0−γ1

u2

)
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three Ẽ6 case
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Approximation of ZR,φ

ZR,φ ≈

exp

(
R1/3 Re(e iφ/3(1− ε)(π0 − π1)) +

∫
η0−η1

2u3 − u1 − u2 +

∫
γ0−γ1

u3 − u2

)
+

+ exp

(
R1/3 Re(e iφ/3(1− ε)ε(π0 − π1)) +

∫
η0−η1

2u1 − u2 − u3 +

∫
γ0−γ1

u1 − u3

)
+

+ exp

(
R1/3 Re(e iφ/3(1− ε)ε2(π0 − π1)) +

∫
η0−η1

2u2 − u3 − u1 +

∫
γ0−γ1

u2 − u1

)
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Limiting exponents

Set
x = e iφ/3(π0 − π1) = a+ b

√
−1,

Proposition

For any φ ∈ (0, π) ∪ (π, 2π), as R → ∞, we have

1

R1/3
ln|XR,φ| → max(Re(x),Re(εx),Re(ε2x)),

1

R1/3
ln|YR,φ| → max(Re(−x),Re(−εx),Re(−ε2x)),

1

R1/3
ln|ZR,φ| → max(Re((1− ε)x),Re((1− ε)εx),Re((1− ε)ε2x)).
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Sectorial decomposition
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Dominance properties

Lemma

We fix some φ /∈ Z · π.
1 |ZR,φ| ≫ |XR,φ| and |ZR,φ| ≫ |YR,φ|.
2 On sectors Sj , j = 1, 4, 5, 8, 9, 12 |XR,φ| ≫ |YR,φ|, while

on sectors Sj , j = 2, 3, 6, 7, 10, 11 |YR,φ| ≫ |XR,φ|.
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Limit of the Riemann–Hilbert map on sectors

Proposition

As τ → ∞ along a ray in any of the sectors Sj , the image of ψ
converges to the nodal point [0 : 0 : 1] of the compactifying
curve C

X 3 + Y 3 − XYZ = 0.

Affine coordinates of CP2
∞ near this point are X

Z ,
Y
Z , and the

equation of C becomes

X

Z
· Y
Z

= 0

up to terms of order ≥ 3.
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Homology basis of the spectral curve

0
r

1
1− r

η0 − η1
γ0 γ1

f1

f2

f3

γ̃0 γ̃1

˜̃γ0 ˜̃γ1

A

B

Figure: The cycles A,B on the spectral curve.
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Limiting angle coordinates

Proposition

1 On S2, we have X/Z
|X/Z | ≈ holB(L), Y /Z

|Y /Z | ≈ hol2B(L)

2 On S3, we have X/Z
|X/Z | ≈ holA+3B(L), Y /Z

|Y /Z | ≈ hol2B(L)

3 On S4, we have X/Z
|X/Z | ≈ holA(L), Y /Z

|Y /Z | ≈ hol−B(L)

4 On S5, we have X/Z
|X/Z | ≈ holA(L), Y /Z

|Y /Z | ≈ hol2A(L)
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Homotopy equivalence

Proposition

S ◦ RH ◦NAH ◦σ is a homotopy equivalence
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