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Basic notation

» C a smooth projective curve

» r > 2 (rank of the vector bundle over C), G = GL(r,C)
» D =" mp; effective divisor on C

» Kc(D) twisted canonical bundle
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Meromorphic Higgs bundles

A rank r meromorphic Higgs bundle on (C, D) consists of the data
» a holomorphic rank r vector bundle £ over C
» a meromorphic Higgs field § € H°(C, End(€) ® Kc(D))

M, 4(C, D): moduli space of isomorphism classes of stable
meromorphic Higgs bundles of given rank r and degree d over C

Proposition (E. Markman '94)

> M, 4(C, D) is a holomorphic Poisson manifold

» symplectic leaves of maximal rank of M are given by fixing
the gauge equivalence class of its irregular part at D and the
corresponding eigenvalues of the residue of 0 (c.f. next page).
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Holomorphic symplectic leaves

In the coordinate chart z; centered at p; and in a local
trivialization of &:
oo
0 = Z Akz,-kdz;,

k=—m;

» The irregular part of 4 is fZ;ifm,- Akz,-kdz,-

» the residue of d at p; € D is A_1zi_1dz,-.
To get symplectic leaves, we need to fix the eigenvalues of the
irregular part and the adjoint orbit of the residue in each
eigenspace. Moreover, we may choose Dolbeault parabolic weights
{a,} at all p; € D.
Definition
M per: Dolbeault moduli space of rank r meromorphic, parabolic,
a-stable Higgs bundles over C with the above fixed data.
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Hitchin—Kobayashi correspondence

h is a Hermitian—Einstein metric in £ if the connection associated
to (€,0, h):

V =D; +6+0"
is integrable on C\ D. Here, Di" = Og¢ + 0} stands for the Chern
connection associated to g, h.
At each p;, with respect to a frame compatible with the parabolic
filtration, we impose the asymptotic behavior

h =~ diag(|2i* | In|z;[*[*),
k = the weight induced by the nilpotent part of the residue.

Theorem (Hitchin'87, Simpson’'90, Biquard—Boalch'04,
Mochizuki'11)

A Hermitian-Einstein metric for (€,0) with the given behavior
exists if and only if (€,6) is a-polystable.
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Irregular de Rham moduli space

Definition
A meromorphic connection on a holomorphic vector bundle E over
(C,D) is a C-linear map

V0 E - E® Kx(D)
satisfying Leibniz’ rule.
Definition
Mgr: de Rham moduli space of 3-stable integrable connections

on C with irregular singularities of fixed irregular types and
residues at D.
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Non-abelian Hodge moduli space

Theorem (Hitchin'87, Konno'93, Biquard—Boalch'04)

For fixed irregular types ) mqq and adjoint orbits O;, there exist
moduli spaces M p, of gauge equivalence classes of a-stable
meromorphic Higgs bundles having given irregular type, and with
residue at p; belonging to ©O;. The spaces Mp, are complete
hyperKahler manifolds. Moreover, endowed with another complex
structure J of the hyperKahler family, the spaces Mp,, are
R-analytically isomorphic to moduli spaces Myr of 3-stable
integrable connections with irregular singularities of fixed irregular
types and residues in given adjoint orbits. In particular, there exist
diffeomorphisms

NAH : Mpo —> Myr.
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Moduli space of g = 0 stable maps, GW-invariants
X: nonsingular projective variety of dimension n over C.
For any 5 € Ha(X,Q) and k € Z., Kontsevich-Manin, 1994:
Mk(xa ﬁ)

the moduli space of genus zero k-pointed stable maps f : C — X
with C a connected, reduced, at worst nodal curve of genus 0,
such that £[C] = f

There exist canonical evaluation maps

evi: Mi(X,8) = X, 1<i<k

For 51,..., 8k € H*(X), the associated (genus zero)
Gromov—Witten invariant:

(B Bi) = /M ooy L1050
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Gromov-Witten potential

Let
> To=[1] € HY(X,Q), Tmi1 = Tp € H*"(X,Q): canonical
generators,
> T1,..., Tm € H*(X,Q): some basis
» T: dual elements in H,
» to, g1, .-, qm, tp,... (abbreviated as g, t): variables
associated to these classes (one can assume ty = 0)

Genus zero) Gromov—Witten potential € Q 1 t]:
( p q.q "

[, T [y Tm EOY T2 5
Fa= 3 (T T Jab ™l 5 e
ny+npt-->3 1 e
BeB\{0}
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Quantum product, WDVV-relations

Let

%z/ﬂum
X

be the intersection pairing and (g¥) be its matrix inverse.

Let

5 — q{;a% i {0, p}
Set F,'jk = 8,-8j6kF.
Quantum product of T; and T;:

T« Ti=TUTi+ ) Fieg® Ty
e,f

Witten—Dijkgraaf-Verlinde—Verlinde (WDVV) relations: * is

associative.
Wild nonabelian Hodge theory and Gromov-Witten theory
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Frobenius manifold structure

» Base manifold: M = H*(X,C) x Spec C[u¥]

» co-ordinates: tg, g1, ..., qm, tp

» grading operator: G = % -Id on HY(X)

» Euler vector field: E =ci(Tx)+ >, G(T)t; T;

» vector bundle V — M: trivial, with fiber H*(X, C)
> A= T;*

> A=c(0O(1))x

> K =Ex

Wild nonabelian Hodge theory and Gromov-Witten theory
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Connection matrices

The formulas

1o} 1 1
— K42
V% 8u+u2 -I—UG
0 1
_ A,
Va% 8t,'+
1
Voo :24_7/4
aq 8q uq

define a meromorphic connection (Dubrovin- or quantum
connection) V in V.

Theorem (Dubrovin, 1998)
WDV V-relations < Fy = 0.
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Blow-up conjecture

In 2020, M. Kontsevich formulated a conjecture on the behavior of
the spectrum of the Dubrovin connection for blow-ups of smooth
subvarieties.

This conjecture has been proven in general by H. Iritani'23.

For the case of complex surfaces, in joint work with A. Gyenge, we
gave an independent and relatively elementary proof.
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Surface case

» Let X: nonsingular projective surface over C with

Hedd( X, C) = 0.

Xmin: @ minimal surface of X

H*(X, C), H*(Xmin, C): cohomology rings of X (and Xmin)

to, g1, ---,qm, tp: variables associated to a basis of H*(Xmin)
gm+1, - - -, Gm+r: variables associated to exceptional divisors

% = %g 1 quantum product (a deformation of U on H*)

u: further variable

Vx,Vx,.: Dubrovin connection on the trivial H*-bundles
over SpecC{q,q7 1, t}[u, u™}]

» K, Knin: leading-order term of V,Vin at u=10

> {Xo,..., Am+1, }: spectrum of Kuin

» {10y .-y hmtrt1}: Spectrum of K

Wild nonabelian Hodge theory and Gromov-Witten theory
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Asymptotic behaviour of spectra

Theorem (Gyenge—Sz.'22, to appear in Adv. Math.)

With the assumptions and notation on the previous slide, for any
conical open subset

U C Spec (C{Qit, cee q$+r}

for the analytic topology whose closure intersects the coordinate
hyperplanes {q; = 0}, 1 < i < m+ r trivially, we have (up to a
suitable relabeling)

Aj(qlv"'v‘Jmatp) _
NJ(QIaqum—kratp)
imi(ar, s Gmer t)g1 =1 (M+2<j<m+r+1)

lim

1 0<;j<m+1)

for fixed |t,| < oo as the point (q1, ..., gm+r) converges to 0 in U.
Wild nonabelian Hodge theory and Gromov-Witten theory
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C*-action on M py,

Let (£, 0) be a meromorphic Higgs bundle on (C, D) and t € C*.
Then,
t-(€,0)= (&, t0)

is also a meromorphic Higgs bundle on (C, D).
Moreover, (&, t0) is a-stable if and only if the same holds for
(&,0).
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Geometry of ruled surface

» Tot(Kc(D)): fiberwise compactification of the total space of
Kc(D),
» canonical morphism p: Tot(K¢ (D)) — C (the ruling),

v

Oﬂ(KC(D)ﬂC(l) the relative ample bundle of p

» canonical sections:

¢ € H(Tot(Kc(D)), p*Kc (D) © Oggiee oy (1))
& € H(Tot(Kc (D)), Ok oy c(1))s

» section at infinity o of p: £ =0

Wild nonabelian Hodge theory and Gromov-Witten theory
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Spectral description of meromorphic Higgs bundles

Definition
The spectral curve X ¢ gy of (€,0) is the algebraic curve
determined by:

x0(¢,€) = det(Cle — Ep™0) = 0.

Its spectral sheaf is the coherent sheaf S(¢ g) on Tot(Kc(D))
defined by:

* — le—€p™0 4
0~ p*(E@Kc(D) 1) <= p E@05x(ke(py) (1) = Se.) = 0.

Hitchin fiber: the subset of M p, consisting of (£, 6) having the
same spectral curve; the generic Hitchin fiber is biregular to the
abelian variety Jac(X ¢ g))-

Wild nonabelian Hodge theory and Gromov-Witten theory
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Decoupled Hermitian—Einstein metric

The PDE's for a metric h to satisfy the Hermite—Einstein equations
read as

Fpr +0,6"] =0,
where F stands for the curvature of a connection.
Definition
A metric hon £ over U C C\ D is called decoupled

Hermitian—Einstein if it fulfills

Fpr =0=10,6"].
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Large scale behavior of Hermitian—Einstein metrics

» Fix some a-stable meromorphic Higgs bundle (£,60) on (C, D),
> lett € R, t — +oo,

» let h; be the unique Hermitian—Einstein metric for (&, t6)

Theorem (T. Mochizuki, Sz.’23, Moduli)

Assume that ¥ ¢ g) is locally irreducible. Then, locally on C\ D,
the sequence h; is convergent to a decoupled Hermitian—Einstein
metric in the C*° topology.
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Riemann—Hilbert correspondence

Assume for simplicity that D is a logarithmic divisor, i.e. all

m; = 1.

Mp: character variety (also known as Betti moduli space),
parametrizing completely reducible representations of 71 (C \ D) in
G, such that the conjugacy classes of p taken on a positive loop
enclosing p; lies in a pre-fixed conjugacy class C;, taken up to
global conjugation by G.

Theorem

Mg is an affine algebraic variety, smooth for generic choices of the
conjugacy classes {C;}.

There is an analytic isomorphism RH: Mg — Mg, obtained by
taking parallel sections of integrable connections.
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Compactification of character variety

Let Mg C Mp be a smooth projective compactification.
Let A = Mg \ Mg, and its irreducible decomposition

A=UN A,
Assume that each A; is nonsingular. For | C {1,..., N} let
A =Niel.

We call | maximal if A; # () but for any ip € {1,..., N} \ ip we
have Ay, = 0.
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Geometric P=W conjecture

Maximal intersections are points, and the CW-pair (Mg, Mpg)
around such a point is homeomorphic to

(€cHMc .
In particular, Mg has (S!)" as a deformation retract in Mp.

These tori are sometimes called profound tori.

Conjecture (Katzarkov—Noll-Pandit-Simpson'15)

The image of the generic Hitchin fiber under
RHoNAH: Mp, — Mg is homotopic to a profound torus.
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A special case of Geometric P=W

Based on T. Mochizuki-Sz., we have found:

Theorem (Eper-Sz., arXiv:2407.20638)

The Geometric P=W conjecture holds for rank 3 logarithmic Higgs
bundles over the three-punctured sphere.
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