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Budapest University of Technology and Rényi Institute of Mathematics
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Data of wild non-abelian Hodge theory
(NAHT)

Simpson ’90, Sabbah ’99, Biquard–Boalch ’04: fix

§ C : smooth projective curve over C
§ r ě 2 rank (i.e., G “ Glr pCq)
§ p1, . . . , pn P C irregular singularities (with local charts zj), and

for each pj :

§ a parabolic subalgebra pj Ă glr with associated Levi lj
§ parabolic weights tαi

jui

§ an unramified irregular type Qj P tb Cppzjqq{Crrzj ss with
centralizer hj

§ an adjoint orbit Oj in lj X hj .

Szilárd Szabó Szilárd Szabó, Budapest
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Hitchin’s equations and wild NAHT

The space of solutions of Hitchin’s equations

D0,1θ “ 0

FD ` rθ, θ
:hs “ 0

for a unitary connection D on a rank r smooth Hermitian vector
bundle pV , hq and a field θ : V Ñ V b Ω1,0

C having prescribed
irregular part and residue in Oj near pj  hyper-Kähler moduli
space MHod.
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de Rham and Dolbeault structures

Two Kähler structures on MHod have a geometric meaning:

§ de Rham: MdR parameterising certain poly-stable parabolic
connections with irregular singularities

§ Dolbeault: MDol parameterising certain poly-stable parabolic
Higgs bundles with higher-order poles.

By non-abelian Hodge theory, MdR and MDol are diffeomorphic to
each other (via MHod).

Szilárd Szabó Szilárd Szabó, Budapest
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Irregular Riemann–Hilbert correspondence

§ Birkhoff, Mebkhout, Kashiwara, Deligne, Malgrange,
Jimbo–Miwa–Ueno...: equivalence between the categories of
irregular connections and Stokes-filtered local systems.

§ Boalch ’07: algebraic geometric construction of wild character
varieties MB parameterising Stokes data.

§ Irregular Riemann–Hilbert correspondence (RH): bi-analytic
map

RH : MdR ÑMB.

Conclusion: MdR, MDol and MB are all diffeomorphic to each
other (and to MHod), in particular

H‚pMDol,Qq – H‚pMB,Qq.

Szilárd Szabó Szilárd Szabó, Budapest
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Painlevé spaces

From now on, we set C “ CP1 and we assume r “ 2 and
dimRMHod “ 4. There exists a finite list

PI ,PII ,PIII pD6q,PIII pD7q,PIII pD8q,PIV ,PVdeg,PV ,PVI

of irregular types with this property, called Painlevé cases. From
now on, we let

X P tI , II , III pD6q, III pD7q, III pD8q, IV ,Vdeg,V ,VI u

and we write PX to refer to one of the above Painlevé cases. We
therefore have smooth non-compact Kähler surfaces

MPX
dR , MPX

Dol, MPX
B

diffeomorphic to each other (and to MPX
Hod) for any fixed X .

Szilárd Szabó Szilárd Szabó, Budapest
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Singularity type of Painlevé cases

X D “
ř

nipi

VI p1 ` p2 ` p3 ` p4

V 2p1 ` p2 ` p3

III pD6q “ Vdeg 2p1 ` 2p2; 3
2p1 ` p2 ` p3

III pD7q 3
2p1 ` 2p2

III pD8q 3
2p1 `

3
2p2

IV 3p1 ` p2

II 4p1; 5
2p1 ` p2

I 7
2p1

Szilárd Szabó Szilárd Szabó, Budapest
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Example: nilpotent PVI

§ n “ 4, logarithmic singularities: 0, 1, t,8

§ for each j P t0, 1, t,8u parabolic algebra pj “ bj a Borel, with
lj a Cartan,

§ generic parabolic weights,

§ Qj “ 0

§ eigenvalues of respj pθq in lj equal to 0 (i.e., nilpotent residue).

Szilárd Szabó Szilárd Szabó, Budapest
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Example: PIII(D7)

n “ 2, singularities:

§ Poincaré-Katz invariant 1
2 at z “ 0, i.e. of the form

θ “

ˆ

0 0
1 0

˙

dz

z2
`

ˆ

0 b1

0 0

˙

dz

z
` Op1qdz

with b1 ‰ 0 fixed;

§ Poincaré-Katz invariant 1 at z “ 8, i.e. of the form

θ “

ˆ

a 0
0 ´a

˙

dz `

ˆ

b 0
0 ´b

˙

dz

z
` Op1q

dz

z2

with a ‰ 0, b P C fixed.

Szilárd Szabó Szilárd Szabó, Budapest
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Hodge theory, Riemann–Hilbert, Painlevé Filtrations Dolbeault Betti Geometric P “ W

Middle perversity t-structure

Given an algebraic variety Y , consider the derived category

DbpY ,Qq

of bounded complexes of Q-vector spaces K on Y with
constructible cohomology sheaves of finite rank.
Beilinson–Bernstein–Deligne ’82: truncation functors

pτďi : DbpY ,Qq ÑpDďi pY ,Qq

encoding the support condition for the middle perversity function,
giving rise to a system of truncations

0 Ñ ¨ ¨ ¨ Ñ pτď´pK Ñ
pτď´p`1K Ñ ¨ ¨ ¨ Ñ K

Szilárd Szabó Szilárd Szabó, Budapest
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Perverse filtration on Dolbeault spaces

Hitchin ’87: for MDol a Dolbeault moduli space there exists a
surjective map

h : MDol Ñ Y “ CN .

Consider
K “ Rh˚QM

P DbpY ,Qq.

The perverse filtration P on

H˚pY ,Rh˚QM
q – H˚pMDol,Qq

is defined as

PpH˚pY ,Rh˚QM
q “ ImpH˚pY ,pτď´pRh˚QM

q Ñ H˚pY ,Rh˚QM
qq.

Szilárd Szabó Szilárd Szabó, Budapest
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Perverse Leray spectral sequence and
perverse polynomial

There exists a spectral sequence

p
LE

k,l
r “ pHkpY , pR lh˚QM

q ñ Hk`lpMPX
Dol,Qq

degenerating at page 2. With this, we have

PpH˚pY ,Rh˚QM
q “ ‘lďp

p
LE

k,l
2 .

We define the perverse Hodge polynomial of MDol by

PHpq, tq “
ÿ

i ,k

dimQ GrPi HkpMDol,Qqqi tk .

Szilárd Szabó Szilárd Szabó, Budapest
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Weight filtration on Betti spaces

As MB is an affine algebraic variety, Deligne’s Hodge II. (’71)
shows that H˚pMB,Cq carries a weight filtration W . We derive a
polynomial

WHpq, tq “
ÿ

i ,k

dimC GrW2i H
kpMB,Cqqi tk .

Hausel–Rodriguez-Villegas ’08: WH is indeed a polynomial in q, t.

Szilárd Szabó Szilárd Szabó, Budapest
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P “ W conjecture

Theorem (de Cataldo–Hausel–Migliorini ’12)

If C is compact and r “ 2, then for the Dolbeault and Betti spaces
corresponding to each other under non-abelian Hodge theory and
the Riemann–Hilbert correspondence, the filtrations P and W get
mapped into each other. In particular, we have

PHpq, tq “WHpq, tq.

Conjecture (de Cataldo–Hausel–Migliorini ’12)

The same assertion holds for any rank r .

Szilárd Szabó Szilárd Szabó, Budapest
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Numerical P “ W in the Painlevé cases

Let us set

PHPX pq, tq “
ÿ

i ,k

dimQ GrPi HkpMPX
Dol,Qqqi tk ,

WHPX pq, tq “
ÿ

i ,k

dimC GrW2i H
kpMPX

B ,Cqqi tk .

Theorem (Sz ’18)

For each

X P tI , II , III pD6q, III pD7q, III pD8q, IV ,Vdeg,V ,VI u

we have PHPX pq, tq “WHPX pq, tq.

Szilárd Szabó Szilárd Szabó, Budapest
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Simpson’s Geometric P “ W conjecture

Let rMX
B be a smooth compactification of MX

B by a simple normal
crossing divisor D and denote by NX the nerve complex of D.

Theorem (Sz ’19, Némethi–Sz ’20)

For some sufficiently large compact set K ĂMX
B there exists a

homotopy commutative square

MX
DolzK

h
��

ψ //MX
B zK

φ
��

Dˆ // |NX |.

Here, Dˆ “ C´ BRp0q Ă Y and ψ “ RH ˝ NAHT.

Szilárd Szabó Szilárd Szabó, Budapest
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Comments on Geometric P “ W conjecture

§ L. Katzarkov, A. Noll, P. Pandit and C. Simpson, 2015:
conjectured in higher generality a similar homotopy
commutativity property.

§ Trivial consequence of this conjecture: the body of N is of
homotopy type SN´1, where 2N “ dimCMB.

§ A. Komyo, 2015: proved that for a complex 4-dimensional
character variety over CP1, the body of N is homotopy
equivalent to S3.

§ C. Simpson, 2015: generalized the homotopy equivalence
assertion to logarithmic Higgs bundles of rank 2 over CP1,
and called the homotopy commutativity assertion “Geometric
P = W conjecture”.

Szilárd Szabó Szilárd Szabó, Budapest
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Further comments on Geometric P “ W

§ For all Painlevé cases, the Geometric P “W conjecture
implies the (highest graded part of) P “W conjecture
(Némethi–Sz ’20).

§ Conjecturally, the Geometric P “W conjecture implies the
highest graded part of P “W conjecture.

§ The previous conjecture would follow from a more general
conjecture of D. Auroux on special Lagrangian torus fibrations
in log-Calabi–Yau varieties (A. Harder ’19).

Szilárd Szabó Szilárd Szabó, Budapest

Asymptotic Hodge theory
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Spectral data

Consider the rational ruled surface

p : PpOCP1 ‘ K pDqq – PpOCP1 ‘ OCP1p2qq Ñ CP1,

endowed with the canonical section ζ of p˚K pDq.
The spectral sheaf of an irregular Higgs bundle pE, θq is the rank 1
pure sheaf M defined by

0 Ñ p˚Eb K_p´Dq
ζ´p˚θ
ÝÝÝÝÑ p˚EÑ M Ñ 0.

The support of M is called the spectral curve of pE, θq.
Beauville–Narasimhan–Ramanan correspondence:

p˚M – E, p˚pζ^q “ θ.

Szilárd Szabó Szilárd Szabó, Budapest
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Hitchin fibration

Hitchin ’87: for the Dolbeault moduli space MDol over a compact
curve C there exists a proper surjective map to an affine space

h : MDol Ñ B “ H0pC ,KC q ‘ ¨ ¨ ¨ ‘ H0pC ,K r
C q

pE, θq ÞÑ ps1, . . . , sr q

with generic fiber an abelian variety, where

detpζ ´ θq “ ζr ` s1ζ
r´1 ` ¨ ¨ ¨ ` sr .

Irregular version of the Hitchin fibration in the Painlevé cases:

h : MX
Dol Ñ H0pCP1,K pDqq ‘ H0pCP1,K 2p2Dqq – C8

pE, θq ÞÑ ptr θ, det θq,

with image a 1-dimensional affine subspace and generic fiber an
elliptic curve.

Szilárd Szabó Szilárd Szabó, Budapest
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Generic Hitchin fiber

For a generic point

~s “ ps1, . . . , sr q P B,

the equation
ζr ` s1ζ

r´1 ` ¨ ¨ ¨ ` sr “ 0

defines a smooth projective curve X~s in TotpKC pDqq. We then have

h´1p~sq “ PicδpX~sq,

for some δ P Z. Here, PicδpX~sq is the Picard variety of
isomorphism classes of line bundles LÑ X~s of degree δ.

Szilárd Szabó Szilárd Szabó, Budapest
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Betti spaces and affine cubic surfaces

P. Boalch (2007): General construction of wild character varieties
using quasi-Hamiltonian reduction.
Fricke–Klein 1926, ... , van der Put–Saito ’09: for each X there
exists a quadric

QPX P Crx1, x2, x3s

such that
MPX

B “ pf PX q Ă C3

where
f PX px1, x2, x3q “ x1x2x3 ` QPX px1, x2, x3q.

Szilárd Szabó Szilárd Szabó, Budapest
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Fricke–Klein co-ordinates

In the nilpotent Painlevé VI let Bj stand for monodromy of a local
system around the point j P D. Set

x1 “ trpB0B1q

x2 “ trpBtB0q

x3 “ trpB1Btq.

Fricke–Klein cubic relation:

x1x2x3 ` x2
1 ` x2

2 ` x2
3 ´ s1x1 ´ s2x2 ´ s3x3 ` s4 “ 0

for some constants s1, s2, s3, s4 P C. We embed C3 Ñ CP3 by

x1, x2, x3 ÞÑ r1 : x1 : x2 : x3s.

Szilárd Szabó Szilárd Szabó, Budapest
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Compactifications of Betti spaces

Let
FPX P Crx0, x1, x2, x3s3

be the homogenization of f PX and set

M
PX
B “ ProjpCrx0, x1, x2, x3s{pF

PX qq.

Projective cubic surface (possibly) with singularities at

P1 “ r0 : 1 : 0 : 0s, P2 “ r0 : 0 : 1 : 0s, P3 “ r0 : 0 : 0 : 1s.

Let
rMPX

B ÑM
PX
B

denote the minimal resolution of singularities.

Szilárd Szabó Szilárd Szabó, Budapest
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Hodge theory, Riemann–Hilbert, Painlevé Filtrations Dolbeault Betti Geometric P “ W

Compactifying divisors

Compactifying divisor of M
PX
B :

D “ px1x2x3q Ă CP2
8.

Clearly, we have
D “ L1 Y L2 Y L3

where Li are lines pairwise intersecting each other in P1,P2,P3.
The nerve complex of the divisor at infinity of rMPX

B is a cycle
graph.

Szilárd Szabó Szilárd Szabó, Budapest

Asymptotic Hodge theory
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Hitchin base and standard spectral curve

(Sz. 1906.01856) Nilpotent Painlevé VI case: trpθq ” 0, Hitchin
base:

H0pCP1,K 2p0` 1` t `8qq – C,

spanned by
pdzqb2

zpz ´ 1qpz ´ tq
.

Set L “ K p0` 1` t `8q, and take the canonical section

ζ
dz

zpz ´ 1qpz ´ tq

of p˚LL over TotpLq. In TotpLq we consider the curve

X̃1,0 “ tpz , ζq : ζ2 ` zpz ´ 1qpz ´ tq “ 0u.

Szilárd Szabó Szilárd Szabó, Budapest
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Rescaling of spectral curve

For R " 0, ϕ P R{2πZ let pER,ϕ, θR,ϕq be a rank 2 logarithmic
Higgs bundle over CP1 with

detpθR,ϕq “ ´Re
?
´1ϕ P H0pCP1,K 2p0` 1` t `8qq.

Its spectral curve is

X̃R,ϕ “

"

pz , ζq : det

ˆ

θR,ϕ ´ ζ
dz

zpz ´ 1qpz ´ tq

˙

“ 0

*

Ă TotpLq,

with natural projection given by

p : X̃R,ϕ Ñ CP1

pz , ζq ÞÑ z .

We have

pz , ζq P X̃R,ϕ ô pz ,
?
´1R´

1
2 e´

?
´1ϕ{2ζq P X̃1,0.

Szilárd Szabó Szilárd Szabó, Budapest
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Abelianization

Set

ω “
dz

a

zpz ´ 1qpz ´ tq
.

T. Mochizuki (2016): on simply connected open sets
U Ă Czt0, 1, tu there is a gauge e1pzq, e2pzq of E with respect to
which

θR,ϕpzq ´

˜?
Re

?
´1ϕ{2 0

0 ´
?
Re

?
´1ϕ{2

¸

ω Ñ 0

as R Ñ8, and the Hermitian–Einstein metric h is close to an
abelian model hab.
Observe that as ω has ramification at 0, 1, t,8, along a simple
loop γ around these points, the local sections e1pzq, e2pzq get
interchanged.

Szilárd Szabó Szilárd Szabó, Budapest
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Non-abelian Hodge theory at large R

The connection matrix associated to pER,ϕ, θR,ϕq is

aR,ϕpz , z̄q “ θR,ϕpzq ` θR,ϕpzq ` bR,ϕ

«
?
R

˜

e
?
´1ϕ{2ω ` e´

?
´1ϕ{2ω̄ 0

0 ´e
?
´1ϕ{2ω ´ e´

?
´1ϕ{2ω̄

¸

` bR,ϕ

where d ` bR,ϕ is the Chern connection associated to the
holomorphic structure of E and hab. So bR,ϕ takes values in
spup1q ‘ up1qq.

Szilárd Szabó Szilárd Szabó, Budapest
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Monodromy matrices at large R

The monodromy matrices of the connection d` aR,ϕ along a
simple loop γj around j P t0, 1, tu are

BjpR, ϕq “ exp

¿

γj

´aR,ϕpz , z̄q “ TAjpR, ϕq

exp
?
R

˜

´e
?
´1ϕ{2πj ´ e´

?
´1ϕ{2πj 0

0 e
?
´1ϕ{2πj ` e´

?
´1ϕ{2πj

¸

where we have set

πj “

¿

γj

ω,

T is the transposition matrix and AjpR, ϕq P SpUp1q ˆ Up1qq is the
monodromy of the Chern connection.

Szilárd Szabó Szilárd Szabó, Budapest
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Products of monodromy matrices at large R

Setting

AjpR, ϕq “

˜

e
?
´1µj 0

0 e´
?
´1µj

¸

and

d01pR, ϕq “ exp
´?
´1pµ1 ´ µ0q ` 2

?
R<pe

?
´1ϕ{2pπ0 ´ π1qq

¯

it follows that

B0pR, ϕqB1pR, ϕq «

ˆ

d01pR, ϕq 0
0 d01pR, ϕq

´1

˙

.

Szilárd Szabó Szilárd Szabó, Budapest
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Affine coordinates on the Betti space

Let us set

x1pR, ϕq “ trpB0pR, ϕqB1pR, ϕqq

x2pR, ϕq “ trpBtpR, ϕqB0pR, ϕqq

x3pR, ϕq “ trpB1pR, ϕqBtpR, ϕqq.

Recall: they satisfy Fricke–Klein cubic relation:

x1x2x3 ` x2
1 ` x2

2 ` x2
3 ´ s1x1 ´ s2x2 ´ s3x3 ` s4 “ 0

for some constants s1, s2, s3, s4 P C.

Szilárd Szabó Szilárd Szabó, Budapest
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Dual boundary complex

The nerve complex N of D has vertices v1, v2, v3 corresponding to
line components

L1 “ r0 : 0 : x2 : x3s, L2 “ r0 : x1 : 0 : x3s, L3 “ r0 : x1 : x2 : 0s

of D and edges
rv1v2s, rv2v3s, rv3v1s

corresponding to intersection points

r0 : 0 : 0 : 1s, r0 : 1 : 0 : 0s, r0 : 0 : 1 : 0s

of the components.

Szilárd Szabó Szilárd Szabó, Budapest
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Simpson’s map

Let Ti be an open tubular neighbourhood of Li in rMB and set

T “ T1 Y T2 Y T3.

Let tφiu be a partition of unity subordinate to the cover of T by
tTiu. Define the map

φ : T Ñ R3

x ÞÑ

¨

˝

φ1pxq
φ2pxq
φ3pxq

˛

‚.

Then,
Impφq “ rv1v2s Y rv2v3s Y rv3v1s – S1.

Szilárd Szabó Szilárd Szabó, Budapest
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Hodge theory, Riemann–Hilbert, Painlevé Filtrations Dolbeault Betti Geometric P “ W

Asymptotic of Riemann–Hilbert
correspondence at large R

Fix R " 0 and let ϕ P r0, 2πq vary. Need to show: the loop

φpER,ϕ, θR,ϕq

generates π1pImpφqq – Z.
Key fact: for d P C with |<pdq| " 0 we have

|2 coshpdq| « e |d |.

This implies

|x1pR, ϕq| « exp
´

2
?
R|<pe

?
´1ϕ{2pπ0 ´ π1qq|

¯

,

|x2pR, ϕq| « exp
´

2
?
R|<pe

?
´1ϕ{2pπt ´ π0qq|

¯

,

|x3pR, ϕq| « exp
´

2
?
R|<pe

?
´1ϕ{2pπ1 ´ πtqq|

¯

.

Szilárd Szabó Szilárd Szabó, Budapest

Asymptotic Hodge theory
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Rotating triangle

Let ∆ Ă C be the triangle with vertices π0, π1, πt , assume ∆ is
non-degenerate. Denote its sides by

a “ π0 ´ π1, b “ πt ´ π0, c “ π1 ´ πt .

Let us denote by e
?
´1ϕ{2∆ the triangle obtained by rotating ∆ by

angle ϕ{2 in the positive direction, with sides

e
?
´1ϕ{2a, e

?
´1ϕ{2b, e

?
´1ϕ{2c .
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Critical angles

Lemma

For each side a, b, c there exists exactly one value
ϕa, ϕb, ϕc P r0, 2πq such that e

?
´1ϕa{2a (respectively

e
?
´1ϕb{2b, e

?
´1ϕc{2c) is purely imaginary. The function

<pe
?
´1ϕ{2bq ´ <pe

?
´1ϕ{2cq

changes sign at ϕ “ ϕa. Similar statements hold with a, b, c
permuted.

Definition

ϕa, ϕb, ϕc are the critical angles associated to the sides a, b, c
respectively.
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Arc decomposition of the circle

The critical angles decompose S1 into three closed arcs

S1 “ I1 Y I2 Y I3

satisfying:

maxp|<pe
?
´1ϕ{2pπ0´π1qq|, |<pe

?
´1ϕ{2pπt´π0qq|, |<pe

?
´1ϕ{2pπ1´πtqq|q

is realized

§ by |<pe
?
´1ϕ{2pπ0 ´ π1qq| for ϕ P I1,

§ by |<pe
?
´1ϕ{2pπt ´ π0qq| for ϕ P I2,

§ and by |<pe
?
´1ϕ{2pπ1 ´ πtqq| for ϕ P I3.
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Limiting value of Riemann–Hilbert map

We deduce

§ for ϕ P IntpI1q, we have

rx0 : x1 : x2 : x3s Ñ r0 : 1 : 0 : 0s,

§ for ϕ P IntpI2q, we have

rx0 : x1 : x2 : x3s Ñ r0 : 0 : 1 : 0s,

§ for ϕ P IntpI3q, we have

rx0 : x1 : x2 : x3s Ñ r0 : 0 : 0 : 1s.
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Limiting value of Simpson’s map

Applying Simpson’s map φ to the previous limits we get that

§ for ϕ P IntpI1q, we have

φpER,ϕ, θR,ϕq P rv2v3s,

§ for ϕ P IntpI2q, we have

φpER,ϕ, θR,ϕq P rv3v1s,

§ for ϕ P IntpI3q, we have

φpER,ϕ, θR,ϕq P rv1v2s.

Thus, φ sends a generator of π1pS
1
ϕq into a generator of π1pImpφqq.
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